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Abstarct
We prove an explicit convergence of suitably normalized integrals on balls where the integrand is the product of
coefficients of the quasi-regular representation of the finitely generated free group. This result follows from the fact that
the quasi-regular representation of the free group is c-tempered in the sens of Kazhdan and Yom Din [KYD22, def 2.1].
The convergence can be summed up by the formula:
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where q +1 is twice the rank of the free group, Bn is the ball of radius n with respect to the canonical word metric and

V., W, s, W, are square summable functions on the boundary of the free group.
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1. Introduction
Given an irreducible unitary representation of a compact group p : G — U (V), we know (see for instance
[BBP23]) that the Hilbert space V is finite dimensional (say d := dimC(V)) and, for all v, v,, v,and v, in V,

we have:
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where dg denotes the normalised Haar measure on G.

This formula (Schur’s orthogonality relations) can be seen as a generalisation of the fact that characters of
finite groups are unitary in /(G, C) but does not make sense when G is not compact and the coefficients not
square summable.

In this paper, we compute an equivalent asymptotic formula for the boundary representation of the free group.

In [BG16, First theorem], one can find similar results for Gromov hyperbolic groups when the metric is non arithmetic.
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1.1 Settings and Notations

Let G be the free group with N generators, X the Cayley graph associated to right multiplication in G and x, a base point
in X. Then X is an homogeneous tree of degree 2N =: q+1 equipped with the unique distance d which gives the value 1
to any pair of adjacent vertices (see figure 1 for an example where N =2 and x, = e the neutral element of G). We denote
by [x, y] the unique geodesic joining x to y in X, S, := S(x, k) := {x < X]|x| := d(x, x) = k} the sphere centered at x, with
radius k£ < N (for an element g of G, we write also g < S, whenever gx, < S(x,, k) as an element of X). We also denote by

B = B(x0, n) the ball with radius n <N.

A point @ of the boundary € can be seen as a direction to infinity or, more precisely, as an infinite geodesics [x,, ®)
starting at x,. We equip € with a topological structure declaring its basis of open sets to be all the shadows Q = {w <
Q|[x,, x] A [X,» @)}, where x is in X, which makes Q a compact topological space (for more details, see the introduction

of [KS92] where Kuhn embeds X |—| Q in a cartesian product of compact spaces).

We also equip Q with a Borel probability measure v which satisfy:

: 1 1
Ve X, () . :
S|z (g + 1)g'=1—1

The isometric left action of G on X clearly extends to a left action on Q and one can show that v is quasi-invariant
under this action
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Figure 1: Example for N=2 and x, = ¢

[BOU9S, Corollary 2.6.3] where Bourdon shows that G acts by conformal maps on Q).
dgyv
In particular, for all g in G, g,v <<v. One can show that 9~ (0) =P (g, ©) = ¢?**&0 where £ is the Busemann

function (see also [BOU95]).

Let H be the Hilbert space L*(Q, v, C). We define the unitary representation n: G — U (H) by:

1 |

Vge G,ve H,we Q, m(g)v(w) := Plg _...'J'l'r'{lr; w).

It is well known = is irreducible (see for example [BL17, thm 1.2]). In particular, by Schur’s lemma (1)
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Hom (m, m) = {T <B(H) such that T ° n(g) =n(g) ° T, 0g < G} = Cld,,.

1.1 Organisation of the Paper

In section 2 we compute the values of the Harish-Chandra function and prove that it is spherical using partitions
of the boundary where the Busemann function is constant. In section 3, we show (using results from [BL17])
that the representation is c-tempered in the sense of [KYD22] (using results from [Kuh94] and [Haa78] about
the extension of our representation and the regular one). To conclude, in section 4, we adapt and detail the
proof one can find in [KYD22] to obtain our asymptotic orthogonality relations by showing some intermediate

results based on functional analysis from [RS81] and explain how we obtain our initially mentioned formula.

Figure 2: Example with [x, X] = (X, X, X,) illustrating Lemma 2.1 where the family (E, E,, E)) is a partition

of the boundary.

2. Computing the Harish-Chandra Function
2.1 Partitions where the Busemann Function is Constant
Lemma 2.1

Letx <S_such that [x, x] = (X, X, . . . , X = X ). One defines the following sets:

!’.-,l.l.i'] = {{

Then {E(x), ..., E (x)} is a partition of Q (see Figure 2 for an example where n = 2).

B,
[

= if k=n
i if0< k <n

I “SEht1

o’

Moreover, ® — f (X, X) is constantly equal to 2k — n on E, (x).

One computes:

(i) A (if k =n)
z sy :
v(Ex(x)) = { v(Q,) = v(Qs,,,) = 55 (ifke[l,n-1))
A et 1 q+1)q
1 — (2, 1 (if k& = 0)

2.2 Computation: The Harish-Chandra Function is Spherical

Here we define E and show that it is constant on Sn by computing its value.
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Note that Z(0) := E(e) =1
Now, let n >1, and g such that g <SS and compute

=(q) [ m(g)lalody Plyg L ) idv(w) = Y -;.- T du(w)
0}

(0 Jo = JE (20
N ‘n’-li:' “v(Ex(gxo)) (by Lemma 2.1)
& 1]
i'lf !I\J ] - i I “ 1 . . ,
q ' q * =+ q3 —  (from Equation 2)
q 1 F.—; ] 1||I|l' (q [w
q—1
1+ (Z)n|q
i 1

So, Z is spherical and we can define:
E: N - R-*

n'— E(g) (where g is any element of S )

1. mis C-Tempered
Here we will prove that © is c-tempered, in the sense of Kazhdan and Yom Din in section 2 «Notion of

c-temperedness»[ KYD22, def 2.1].
For all subset LG and all y,, w, < H, one can define the quantity:

My, v (L) J- 7(g)y. Vo) dp(g)
L

In particular, we have

_'1Jr|,_L,.1E_,|. L) [ qulji-:-rjfﬂ_r,r}
JL

Using the spherical property of E, one computes:

(3) and (4)
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Considering the sequence {B } . of balls in G and our unit vector 1€ < H. Then if the two following conditions are
satisfied:

)

One says that © is c-tempered with Felner sequence {B_jnPN (see [KYD22, def 2.1]).

Remark 3.1
The condition (6) is equivalent to the second condition in the definition [KYD22, def 2.1] because G is discret, therefore
its compacts are the finite sets.

Lemma 3.2

7 satisfies the first condition (5).

Proof
By [Kuh94], we know that & is weakly contained in the regular representation .- In particular, the extensions on 1}(G)
of these representations:

';r' th E ﬂ_,r!lll] -[ u.rpi _(;]lr.l'l_r_r E ”.;,f" i)

qgels G ip= e

(where p < {m, mreg}) satisfy:

£~ ]l _exty p i} extir

._f - " [(’J- L lf:l op “,-,,H[_"} ap-
Moreover, by [Haa78], we have:

meze(f)lop < ), (k + 1) f1s,Jla-
]

=

Consider the sequence of 1*(G) functions {f, }, defined as
fi(g) := 15,(9){m(g)¥1.¥2) where ¢y, 15 € H.

One has, fixing arbitrary unitary vy, y, < H:

0 - -\l"a],r:i-"‘lifl Tllrl_f.ﬁ.li'].i';
:< Irl_lfl,i.b op "ll alltalle = ‘_I:.rljl..lr"l] g

(k + 1) If.;‘ 9.
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and since [[f ||, = My ,y, (Sk) , we obtain

My o (Se) < (k+ 1)

So, by equation (3),

\lr 3 ,'.l"'l,- | |||l ¥ | l 1 -{.
—t - T or g =
Mg g+1" 1+ 2=k

But one can easily check that (u,), . is bounded. So there isa C <R"

(which does not depend on k) such that:

'_'I'|.I"_r' ‘H. J.Ir,]._,l..‘"—g.| E (1_‘..!'l]1||1||."‘-;_|_

(7)
Hence,
My, wu(Ba) = Y My, (Sk) € Y CMy 1.(Sk) = CMy_ 1. (Bs)
,ﬁ—lll i_:l
Lemma 3.3

7 satisfies the second condition (6).

Proof
Letk :=|g| + |h|

One can easily show that:

B,Ah™'B,g c Bpyx — Bn_i

and
My, 4 (BoAR B, g) & My, oo (Boix — Bas) 5

(bw 7 -
<'C Y Migun(8) = C(Migiq(Bask)

Recalling the computation done in (4) which gives:

m?

~ —
M—> 00 ]ﬁ

Mi,1,(Bn)
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So,

My, va (BaAh 'B.q)
!Hr:”|,.|h’“3
“-’rl..l..'“.. k) ”|_.1,,|“,, i) (n+ k)? (n — k)
( : LI L c .

~

-”l.__.l.__.'n”;.' n—+¥ nd

The left hand side converging to zero since the degree 3 coefficient of the numerator vanishes.

4. Asvmptotic Schur’s Orthogonalitv Relations for ©
Now that we have the conditions (5) and (6) for our representation, we can detail the proof of proposition 2.3

found in [KYD22]. Namely, in our case, for all y,, y,, v, and y, < H:

- L-‘-. mlg)ey, ey w(g)s, vy dulg) r. $e T Ve
n—s My, 1-(8) Rt ’ '
lgp. 1y 4 (8)

We denote by H the conjugate of our vector space H This allows us to see any sesquilinear form of H (like
(m(9) ). Vg € G) to be a bilinear one on H x .

Lemma 4.1
Let B: HxH_, C be a bounded bilinear form such that B(z(g)y , n(g)y,) = By, v,)
Vge G and .15 € H.

Then B € C(, ).
In other words, there is a constant /. in C such that B = (-, *).

Proof

For all y/ in H, Riesz lemma gives us an element T (y,) such that B(y, -) = (T (v ), *).
This defines a map T: H — C which is linear and bounded. Indeed:

T(My + ¥,) — AT (¢y) — T(¥,

B Ay + '|‘\_.r' AN (e, 1) B "1';.-' )

and,

‘T({_:‘l] < | B[],

Moreover, T is an intertwining operator since:
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Hence, by irreducibility of w and the application of Schur’s Lemma mentioned in (1) implies that T < CIdH and B = (T
(), ) <CC, o).

Remark 4.2
s Al
IfD: H o< H, C is a bounded bilinear form such that vy €G and y,, v, < H, D(n(g)y,, ©(g)v,) = B(y,, v,).

Then, composing it with the flip operator F which swap the coordinates, we obtain that B:= D¢F satisfies the conditions
of the previous lemma (4.1). So D ° F < C(:, -), that is to say D < C(-, *).

One last simple lemma (about convergence in C) before proving the equation (8) mentioned at the beginning of the
section:

Lemma 4.3

Let (u ) € CVand /€ C. Then

limwu,, =1 . . .
n—w is equivalent to the following condition:

For all subsequences (u there is a further subsequence (u .

a(n))n€N’ o 'y(n))n€N

lim taoym) = 1.
such that # =%

Theorem 4.4
Given any vy, y,, ¥, and y €H:

Then Sn is clearly bilinear and, since « is c-tempered, we have by the first condition of c-temperedness (5),

I Q (\2d I Me; w00 (Bn)
L1 sup Dl alg)|Tdil q) 111 sSup = ‘
i B S = N (B

This shows that (Sn(y,, w,))nPN bounded in L*(G) and, by the Banach- Steinhaus theorem,
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3C € R* such that ||S,||* < C.

©
Now, V72 € IN, one can define the quadrilinear form
Q. HxHxHxH—-C as:
Qn (U1, Yo, Y3, Yy) := (Snp(1,Ua), Sn(ts, ¥y )).

(Qn)nPN is also uniformly bounded, since, using Cauchy-Schwartz in- equality and equation (9), we see, for unitary vy ,
v, vy and

(h}“‘f'l.f'-_:.f‘_p-f'lr 3 .H‘”[f'l.f‘-_l' ."‘-“lf"{,f':' : ["

Next we will show that, Vg.h e G‘, we have:
lim (f},,l:?l_r;lr'l_Til‘!lr'_\.Tl_rjl:';.?lhlf]:l f}n[r'l,r'_-.r';_f'l}) 0.

n—e

(10)
Indeed, one can show that:

Qulm(g)t, m(h)e, w(g)s, m(h)dy) — Qult), e, s, ¢y)

My, vo(BaAh™1Bg)\ 2 { My, ¢, (BaAh~Byg)
( lfh_- I | 'f,’“| ) ( ‘I-f-|,__. |,!i.“|.,| )

which tends to 0 when n goes to infinity since 7 is c-tempered (see condition 2 of c-temperedness (6)).

and an application of the Banach-Alaoglu theorem in B1i(0-¢)

By (0,0

Now, One can consider any subsequence Qe hen gives

us a further subsequence (Q,,

(11)

,y(n))n€N which converges point-wise to some Q in

Vi, the, g, Uy, Q1. U0, U, 1y) lim Qoo 0y (101, U2, g, 14) In C.
rn—sr

Now, by (10), we have:

O (n(gy, x(Wy, w@y, n(h)y,) =0 (v, v, v, v,

and Q is also quadrilinear.

In particular, if we fix (y2, y4) < H x H and consider the map
O(, v, *, v, (which satisfies the conditions of lemma 4.1).

We know that, 3\, s, € Csuch that:
OC, Wy W) =, C50)
Similarly, fixing (y,, y,) € H x Hand by the remark 4.2 following the mentioned lemma, we have J\¥1:¥2 ¢ C

such that:
(-..‘}[“l- ., U, ) = {'\"]J't = i
Next, using the definition of these coefficient one calculate A , , =1,

A=y, ) and O(W 5 W, oy W) = A0 (wo, ) = (W, wo)(W,, ). To finish the proof, Let v, v, y,, v, € H and
define:
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and consider any subsequence (u, ) c\-
Since u, =0, (W, ¥, 3 V), has further subsequence converging to
¥, g A W, Uy ), We have by the lemma (4.23), lim My, Ly, g A 0, 1Yy
-
Remark 4.5

A unitary representation which satisfies these orthogonality relations has to be irreducible.

So, using the equation result (8) of our last theorem, and the computation of M, (B ) we did in (4), we obtain the

1Q,1Q
concrete result mentioned at the beginning of this paper:

: 1 [ 3q(q + 1)
lim — m(g)y, Vo mw(g)s, Yy du(g) AV = (i, Ua X, Uy).
n—ar e Jn. lr'l I, 1=

References
1. Bendikov, A. Boyer, and Ch. Pittet. Braiding and asymptotic schur’s orthogonality, 2023.

2. Adrien Boyer and Lukasz Garncarek. Asymptotic schur orthogonality in hyperbolic groups with application to
monotony, 2016.

3. Adrien Boyer and Antoine Pinochet Lobos. An ergodic theorem for the quasi-regular representation of the free
group. Bulletin of the Belgian Mathematical Society-Simon Stevin, 24(2):243-255, 2017.

4. M. BOURDON. Structure conforme au bord et flot geodesic d’un cat(- 1)-espace. L’Enseignement Math, 41:63—
102, 1995.

5. Uffe Haagerup. An example of a non-nuclear c*-algebra, which has the metric approximation property. Inventiones
mathematicae, 50(3):279— 293, 1978.

6. Gabriella Kuhn and Tim Steger. Boundary representations of the free group, i. In Harmonic analysis and discrete
potential theory, pages 85-91. Springer, 1992.

7. M Gabriella Kuhn. Amenable actions and weak containment of certain representations of discrete groups£.
Proceedings of the American Mathe-matical Society, 122(3):751-757, 1994.

8. David Kazhdan and Alexander Yom Din. On tempered representations. Journal fiir die reine und angewandte
Mathematik (Crelles Journal), 2022(788):239-280, 2022.

9. Michael Reed and Barry Simon. I: Functional analysis, volume 1. Aca-demic press, 1981.

Copyright: ©2025 Wonmyeong Cho. This is an open-access article
distributed under the terms of the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction
in any medium, provided the original author and source are credited.

Page 10 of 10

American j of math and comput applications



